ABSTRACT. We define classes of pseudodifferential operators on G-bundles with compact base and give a generalized L 2 Fredholm theory for invariant operators in these classes in terms of von Neumann's G-dimension. We combine this formalism with a generalized Paley-Wiener theorem, valid for bundles with unimodular structure groups, to provide solvability criteria for invariant operators. This formalism also gives a basis for a G-index for these operators. We also define and describe a transversal dimension and its corresponding Fredholm theory in terms of anisotropic Sobolev estimates, valid also for similar bundles with nonunimodular structure group. 
INTRODUCTION
We will discuss an L 2 theory of some classes of pseudodifferential operators on manifolds M as follow. Our M will always be total spaces of G-bundles
with G connected, usually unimodular Lie groups and X compact manifolds.
In this paper we describe some natural classes of pseudodifferential operators on M and analyze the solvability of G-invariant operators in those classes. Our method will be a generalized Fredholm property due to M. Breuer [4] as applied in [3] by M. Atiyah and by A. Connes and H. Moscovici in [5] . This Fredholm property is based on a generalized idea of the dimension of a vector space due to J. von Neumann. This dimension, dim G , is defined for closed, G-invariant subspaces of Hilbert spaces on which a unimodular group G acts.
In order to use this, we will construct natural Hilbert spaces L 2 (M) and Sobolev spaces H s (M) of (sections of bundles over) M on which the G-action is strongly continuous and unitary. This allows us to define a trace Tr G in the algebra B(L 2 (M)) G of bounded operators in L 2 (M) commuting with the action of G. Applying this trace to orthogonal projections
Roughly speaking, the generalized Fredholm property and index are then defined as usual, but in terms of this dimension.
In this paper, many results will follow from the following technical fact relating the Sobolev degree to the trace class. Defining UL m G (M) to be the class of G-invariant pseudodifferential operators uniformly in the Hörmander class L m on M, the above proposition, together with properties of these operator classes, will give that if A ∈ UL m G (M) with m < −n/2, then Tr G (A * A) < ∞. These results reduce to well-known optimal conditions put forth to obtain membership in the Hilbert-Schmidt class when M is compact, [26, §8] , and in the Γ-Hilbert-Schmidt operators when M has a cocompact discrete group action, [25, Thm. 3.4] . We will also obtain that for m < −n, A ∈ UL m G (M) is a G-trace-class operator, generalizing the results for the compact and cocompact discrete Γ cases. An easy consequence will be
Corollary 1.2. Let G be a connected unimodular Lie group and suppose that M is the total space of a G-bundle with compact base. It follows that if A ∈ UL m G (M) is elliptic, then the G-index
of A is defined.
We will also set up the G-Fredholm theory for elliptic operators EUL m G (M) in UL m G (M) and describe solvability in L 2 with Sobolev estimates. Since M possesses a global G-action, it makes sense to convolve functions f on M by kernels κ on G. We denote this by f → ρ κ f . The solvability statement is The proof of the theorem depends on a generalized Paley-Wiener theorem, valid for G-bundles, which combines finely with the GFredholm property. This method was developed in [22] based on a fundamental theorem of D. Arnal and J. Ludwig, [2] .
Let us now discuss the pseudodifferential calculi we will be using. L. Hörmander in [8] defined the classes of symbols S m on manifolds and R. Strichartz began in [28] the study of invariant pseudodifferential operators on Lie groups. In [13, 14] , G. Meladze and M. Shubin set up pseudodifferential calculi of uniform (but not necessarily invariant) operators on unimodular Lie groups. These were based on the classes S m of Hörmander, particularly exploiting the existence of available metric-and measure-theoretic invariances on such groups. In [15] other classes on unimodular groups are discussed which allow for the construction of complex powers and provide estimates on the Green function; the entire theory on groups is reviewed succinctly in [13] . In [11, 12] , Yu. Kordyukov took this work of Meladze and Shubin further, generalizing to richer classes of operators on manifolds which do not possess an exact invariance but are of bounded geometry.
Here we will take the properly supported operators of Kordyukov in [11] and apply the treatment there to the situation of M as above. We will then consider subclasses of invariant, properly supported operators on M. The passage to invariant operators will use a small modification of an averaging method from [5] , which maps some general operators to invariant ones. It happens that these operators have good extensions to L 2 and we will derive sufficient conditions for membership of these extended operators in generalized trace and Fredholm classes as in [21] . Our results here should easily extend to the setting of [25] .
Work related to ours is in a series of papers of V. Nistor, E. Troitsky, A. Weinstein, and Ping Xu; [16, 17, 18, 19] . Here, the authors constructed and applied an index theory on families of Lie groups. Families are more general than our bundles as the fiber is allowed to vary along the base X, however, in their work, different assumptions are placed on the type of fiber. For example, in [16] , all the fibers are assumed to be simply connected and solvable and in [18] , the fibers are assumed to be compact Lie groups. Their technique does not require that the groups be unimodular, and in [19] they even drop the requirement that the fiber be a group.
As in our case, the family encodes the symmetries of an elliptic operator on a bundle with the same base. The aim in [16] is a formula for the Chern character of the gauge-equivariant index, similar to the Atiyah-Singer index formula for families, however it also includes information on the topology of the family of Lie groups that is considered. In our work as well as in theirs, of course, one obtains existence theorems for invariant pseudodifferential operator equations, though by substantially different means.
Actions which are not free lead to other complications, as studied by P. Albin, R. Mazzeo, R. Melrose, and others; see [1] .
The contents of this paper are as follows. In Sect. 2 the uniform classes of pseudodifferential operators on M will be defined, giving their principal properties. As we have said, this is closely related to [11] . Sect. 3 is a description of the relevant Hilbert spaces over M which allow us to bring techniques of von Neumann algebras to bear on invariant problems. In Sect. 4, we relate membership in the G-Hilbert-Schmidt and G-trace classes to the uniform classes. Sect. 5 contains the existence theory of G-Fredholm operators in terms of the generalized Paley-Wiener theorem and the proof of the main theorem.
UNIFORM CLASSES OF PSEUDODIFFERENTIAL OPERATORS
2.1. Local estimates for operators. Though our functional-analytic and representation-theoretic techniques apply only to invariant operators on G-manifolds, we will in this section describe a more general calculus of proper, uniform pseudodifferential operators on M.
Our calculus is built locally on the usual Hörmander classes S m of symbols uniform in the space variable, and the corresponding classes L m of ΨDOs. That is, Definition 2.1. Let U be an open set in R n and m ∈ R. A function a ∈ C ∞ (U × R n ) is said to belong to S m (U) if it has the property that for any compact K ⊂ U and multiindices α, β, there exists a constant C Kαβ such that (1) |D
As usual, a symbol a ∈ S m gives rise to an operator A ∈ L m , A :
Invariant structures on M.
Here we will construct invariant geometric structures on M with which to define our uniform classes of ΨDOs. Our first claim guarantees that the results of [11] hold in our setting.
Lemma 2.2. There exists a G-invariant Riemannian metric g on M and
any two such metrics are equivalent.
Taking the direct product of a right-invariant metric on G with any metric on O k , we obtain a
1 be a partition of unity on X subordinate to the covering (O k ) k and lift the φ k to obtain an invariant partition of unity (ϕ k ) k with ϕ k := φ k • π. Now glue the metrics on the trivial bundles π −1 (O k ) together with (ϕ k ) k . The equivalence follows from the fact that any G-invariant metric is uniquely determined by its restriction to the compact quotient.
So let us choose an invariant Riemannian structure g on M. Denote by |v| g the length of a tangent or form according to g and by dist g (p, q) the geodesic distance between points p, q ∈ M. The metric we obtain by this method yields a complete Riemannian manifold with bounded geometry; see [24, 11] . In particular, the injectivity radius r inj of M is positive.
With respect to g, choose a global, G-invariant orthonormal frame field for TM and with respect to this, in a ball of radius r inj at each
Since X = M/G is compact, we may choose finitely many points
centered at these points with the following properties:
(
The action of t ∈ G on p ∈ M we write simply p → pt and we denote by ρ t the right-translation on functions;
we thus obtain geodesic coordinates from the translates of the coordinates in U p ;
Uniform classes of proper pseudodifferential operators on M.
These are defined similarly in [14] and [11, §2] . 
and for each ǫ > 0 satisfies the estimates
where j, k are arbitrary, and the subscripts on the derivatives indicate that the derivatives act with respect to the appropri-
Define also the class UL −∞ (M) to be those operators satisfying condition (i) above, but which also obey
but with no restriction on the distance between p and q. Remark 2.4. Let us collect some interpretations and consequences.
(1) As usual, the operator
(2) An operator can be pieced together from local representations by a special covering of M of finite multiplicity as in Lemma 3.1 and Prop. 3.1 of [14] .
(3) Condition (iii) gives that, in the coordinates x (pt) = (x (pt) j ) j , the operator A pt can be written as a sum
and the symbols a pt (x (pt) , ξ) satisfy the estimates (1) uniformly Since G is a Lie group, TG has global frame fields, but it may happen that TX does not. Still, using an invariant partition of unity as in the proof of Lemma 2.2, we may choose an orthonormal frame of invariant vector fields X 1 , . . . , X n of the restriction of TM to supp(ϕ k ) such that X 1 , . . . , X d span V ∼ = g, and X d+1 , . . . , X n span H. For any multiindex J, the operator X J is invariant on M of order |J| = ∑ j k . As usual, operators built of these objects on each of the sets supp(ϕ k ) can be added to form global operators.
An 
Properties of the uniform classes.
At this point, we will list a collection of properties of the operators in UL m (M). These follow from the results of [11, §2] .
The usual L 2 continuity of the zero class holds:
M). Thus, A can be extended to a bounded linear operator in L 2 (M).
Let us now deal with ellipticity in the classes UL m (M) and the construction of Sobolev spaces. The treatment is identical to that of [11, §3] . Definition 2.8. An operator A ∈ UL m (M) is said to be uniformly elliptic if there exist constants C 1 , C 2 , C 3 such that the symbols a pt (x (pt) , ξ) of the operators A pt = A| U pt , in the selected coordinates of U pt , satisfy 
In terms of Lemma 2.9, one could define Sobolev spaces H s (M) invariant under the group action (but not necessarily on which G acts unitarily); see [11, §3] . This invariance and the compactness of X would imply that the H s (M) would not depend on the definition taken, and thus these are natural objects. We will do better later, but already we can state versions of Sobolev space continuity and elliptic regularity for EUL m (M): 
Taking a piecewise smooth section σ : X ֒→ M and using it to represent points p ∈ M as pairs p = σ(x)t ↔ (t, x) ∈ G × X, the relation (2) allows us to write
with s, t ∈ G and x, y ∈ X. Thus K A descends to a distribution κ on the quotient In order to bring the trace on L G up to the manifold, we will need the following ideas. For any (complex) Hilbert space H define a free Hilbert G-module as
With the smooth action of G and invariant Riemannian density dp on M, by fixing a Haar measure dt on G, we obtain a finite quotient measure dx on X = M/G. With this, we may present the Hilbert
which makes it a free Hilbert G-module. It follows that we have a decomposition of the von Neumann algebra of bounded invariant operators
where we have made the identification 
Denoting by P m the projection onto the m th summand, we obtain a matrix representation of A ∈ B(L 2 (M)) with elements
) G , then these matrix elements are bounded, invariant operators in L 2 (G) and so there exist distributions κ lm on G so that A ∈ B(L 2 (M)) G has a matrix representation
The functional Tr G is a normal, faithful, and semifinite trace and is independent of the basis (ψ l ) l used in its construction, cf. [29, §V.2]. Analogously to the classical case, define the G-Hilbert-Schmidt operators in terms of Tr G by
and define the G-trace-class by
where N depends on C.
Membership in dom 1/2 (Tr G ).
In this section we prove Prop. 1.1 and apply it to obtain that for ǫ > 0, we have UL
We begin with a calculation taken verbatim from [21] which we repeat for the convenience of the reader.
It follows that, in terms of the expression (3), we have
In terms of this, we compute
by normality of tr G . Now, except on a set of measure zero we may take p = σ(x)t ↔ (t, x) and obtain a description of A as in (3)
G×X dsdy κ(s; x, y)u(st, y).
The distributional kernels κ kl can be recovered from κ by projecting into the summands in
which is the result. The last assertion, that κ L 2 (G×X×X) = K A M×M G , follows from the definitions.
The previous lemma can be applied when the image of an operator is smooth enough.
Proof. Since A is defined on all of L 2 (M) and is into H s (M), the closed graph theorem implies that it is continuous. Since s > n/2, the Sobolev lemma provides that im(A) ⊂ C 0 (M) and the existence of a constant C such that (5) sup
uniformly for u ∈ L 2 (M). Fixing a p ∈ M, this estimate implies that the Riesz representation theorem can be applied, providing a function
Denoting the t-translate of p by pt,
by invariance of A and the measure. Denoting by x a representative of p in M/G and by µ the quotient measure on X, the compactness of X together with the bound on k p L 2 imply that
.
Prop. 1.1 follows by concatenating the preceding assertions. 
Choosing a section σ and invariant partition of unity (ϕ k ) k as above, the space H s,0 (M) can be defined as the completion of C ∞ c (M) in the norm given by
Lemma 3.7. For 2s > dim G, it is true that H s,0 (M) is contained in the space BW 0 (G, L 2 (X)) of bounded, weakly continuous functions from G to L 2 (X) which vanish at infinity.
Proof. Observe that u ∈ H s,0 (M) implies that u is the kernel of a Hilbert-Schmidt operator A :
Since the Hilbert-Schmidt norm majorizes the operator norm, we have
Now fix t ∈ G and note that the Sobolev lemma gives
so, as before, we obtain the existence of an element
as t → t ′ because the Sobolev lemma gives that A f is continuous, thus (G, V) , but since the norm and weak topologies coincide on V, the space BW 0 (G, V) consists of norm continuous functions.
The preceding statement ties our discussion here to [23] and strengthens the result there. The minimal dim C V which we could call the transversal dimension "dim X " of im(P) leads to a generalized Fredholm theory of its own.
THE G-TRACE CLASS OF INVARIANT OPERATORS
4.1. Invariant properly supported operators. Here we will define the main object of study in this paper. 
Connes-Moscovici averaging.
The article [5] contains an averaging technique by which, given an ordinary compactly supported pseudodifferential operator, one obtains a G-invariant one. This will be the bridge between the general uniform classes and the invariant objects that our von Neumann algebraic formalism can handle. We will describe this technique here and give some consequences.
If A is a pseudodifferential operator with compact support, then for each u ∈ C ∞ c (M), the average
makes sense, defining a smooth function on M, as it only involves integration over a compact subset of G. By this method, properly supported G-invariant pseudodifferential operators can be obtained from compactly supported ones. An important application of the averaging method for us is the invariant version of Prop. 2.10:
Proof. We begin with the ordinary properly supported parametrix, the existence of which is given by Prop. 2.10 and apply [5, Prop. 1.3] . This depends on the existence of a cutoff function for M; see [5, p295] . With the bundle map π, our invariant partition of unity (ϕ k ) N 1 , a piecewise smooth section σ : X → M, and a cutoff function 
Since A is closed, there is an invariant, self-adjoint projection P onto ker(A), so we have im(P) ⊂ H ∞ (M). But Tr G (P) = Tr G (P * P) < ∞ by Prop. 1.1.
Since taking the adjoint of an operator preserves proper support and ellipticity, we could follow Connes and Moscovici at this point and go on to define the G-index of operators in EUL m G (M). This is the index claim, Cor. 1.2 from the introduction.
We here provide a weaker sufficient condition for membership in dom(Tr G ) than used in the proof of Prop. 4.8. Proof. The property that dim G ker(A) < ∞ is given by Prop. 4.8. For the second, we will form the space Q as a spectral subspace of A. To that end, let A = ∞ −∞ λdE λ be the spectral resolution of A and put 
uniformly for all smooth functions u supported in V.
Take M = G, with G a unimodular Lie group with a chosen Haar measure and with (X j ) j right-invariant vector fields on G satisfying the hypotheses above. Define the (positive) Hermitian form
Noting that the Hilbert space adjoint of an invariant vector field X with respect to L 2 (G) is given by X * = −X, the Hermitian form Q is associated to the operator A = − ∑ m 1 X 2 j + 1. Clearly A is formally self-adjoint and invariant, and though A is not elliptic, it is true that A is essentially self-adjoint, [6, §3] . The estimate (7) expresses the fact that Q gains Sobolev degree, so the techniques of [10] and [21] provide that A is G-Fredholm.
One could concoct richer examples by noting that a cocompact, normal Lie subgroup N ⊂ G gives rise to a fibration N → G → X on which our formalism is applicable. Homogeneous spaces are the subject of [5] .
For classes of pseudodifferential operators related to A above, the reader is directed to [30, Ch. XV]. 
Lemma 5.5. Let L be a Hilbert G-module and let L
Thus, once it has been established that an operator has a good inverse on the complement Q of a subspace of finite G-dimension (like Q = im(P δ ) ⊥ above), it only remains to understand how large subspaces can come about.
Here we will describe one method in [22, §3] 
We immediately can apply this fact to our case.
On the G-bundle M, we have a global translation by elements of G, thus we may define f to be the smallest closed, invariant subspace It follows that if A is a G-Fredholm operator and f ∈ L 2 (M) with compact support, then Au = g has good L 2 solutions for g ∈ f orthogonal to a finite-G-dimensional subspace of f . The question remaining is whether any of the solutions is interesting. For example, it easy to see that f ∈ C ∞ c (R) generates f = L 2 (R). In order to say anything useful about solving differential equations, we will need to construct subspaces of f consisting of smooth functions. For any δ > 0, ρ f is boundedly invertible on im(P δ ) so the composition κ → ρ f κ → ρ κ f is a (reversing) G-isomorphism from im(P δ ) to f δ . In particular, the spaces have identical G-dimensions. By the normality of tr G and the fact that the P δ are a spectral family, we need only establish that tr G (P 0 + ) = ∞ in order to establish property (2) . But U im(P 0 + ) = im(ρ f ) which contains f , which has compact support, so Cor. 5.8 gives the result. Observing that for δ > 0 we have im(P δ ) ⊂ im(ρf ρ f ) ⊂ C ∞ (G), we obtain the third claim. The first follows from this and Young's inequality. The case for a principle bundle M is derived from the previous observations by applying them to a nonzero Fourier coefficient of f ∈ C ∞ c (M) in the decomposition (4). Thus we obtain a family of kernels κ ∈ im(P δ ) as before and we define f δ as in Eq. (8).
Remark 5.10. In [22, §2.2] it is also shown that a closed, invariant subspace L ⊂ L 2 (M) containing an element f such that esssup | f | = ∞ but esssup { f (·, x) L 2 (G) | x ∈ X} < ∞ also has dim G L = ∞.
Proof of the main theorem.
We have now all the ideas needed to derive our principal result. Prop. 5.2 gives that A is G-Fredholm. Prop. 5.9 provides that for δ > 0 sufficiently small, the spectral projection P δ of A satisfies im(P δ ) ⊥ ∩ f δ = {0}. The regularity results follow from the elliptic estimate Prop. 2.11. By Prop. 4.5, we have an invariant parametrix B such that AB f = (
and thus dim G L < ∞ and so cannot contain any element with compact support. But ker(B) ⊂ L so it must not either.
Remark 5.11. We point out that in general, the parametrix solution to Au = f with f ∈ C ∞ c (M) might give B f = u = 0 and the error term R 2 f precisely f . But the solution constructed here cannot exhibit this behavior, as the last statement of the main theorem provides.
